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QUALITATIVE ANALYSIS OF SYSTEMS WITH AN IDEAL NON-CONSERVATIVE CONSTRAINT*
A.P. MARKEYEV

The Hamiltonian form developed in /1/ for the equations of motion of
systems with ideal non-conservative constraints enables familiar methods
of classical and celestial mechanics to be used to analyse the dynamics
of such systems. When this is done certain difficulties arise, due to
the fact that the Hamiltonian is not analytic. In this paper one of the
possible algorithms applying KAM theory /2/ and Poincaré's theory of
periodic motions /3/ to the analysis of systems in which the Hamiltonian
is non-analytic in one of the phase variables is described. As an
example, some results of /4/ concerning the dynamics of a rigid body
colliding with a fixed, absolutely smooth, horizontal plane are refined.

1. Consider the motion of a nearly integrable Hamiltonian system with Hamiltonian
H = Hy(x,, 22, 23) + pH; (@1, 2oy 23, Y1a Yoy Yo 1) O<p L) (1.1)

The function (1.1) is 2n-periodic in the coordinates y; (i =1, 2, 3), analytic in R, Ty, Ty, Ty,
Y1, Y2»  but only continuous with respect to y;.
At p =0 we have
Ty = Tigy Yi = O + Yo (E=1,2,3) (1.2)

The zero subscript denotes the initial value of the relevant variable; the frequencies w; are
equal to the derivatives 4H,/dz;, evaluated at ;= z; (=1, 2, 3).

Let us assume that the unperturbed motion (1.2) is conditionally periodic. Using
Kolmogorov's theorem on conservation of motion /5, 6/, one can show that if H, satisfies
certain restrictions, then, for sufficiently small p and most initial values, the variables z;
will deviate only slightly (as long as u is small) from their initial values for all t. Since
the function (1.1) is not analytic, Kolmogorov's theorem cannot be applied directly, but one
can use a version of the theorem adapted to symplectic maps /2, 7/.

To that end we introduce the variables p;, where x; =z, + p; (i =1,2,3). At the iso-
energetic level,

H = Hg (2y9, Tgq, Z30) + ph  (h = const, b ~ 1) (1.3)

the motion can be described in terms of Whittaker's equations /8/. These equations are in
Hamiltonian form with Hamiltonian K, where p, = —K is a root of Eq.(1.3). The function X
has the form

K = Ko (p1, Po) + WKy (P1s Pas Y1o Yoo Yss 1, 1) (1.4)

where K, may be expressed as a series that converges for sufficiently small Py P2
Ky = 057 (0191 + 03P5) + Y5057 (@131p1% + 20,5p1Ps + 5902 + . . . (1.5)
@i = Hy, i 03° — 2Hg, 130,05 + Hyga0® (i =1, 2)
ayp = Hy,330,0; -+ Ho1505% — Hy,y30,05 — Ho 50,04
(HO. ik = 62H0/6zit9.zk)
The derivatives in (1.5) are evaluated at z; = z;,. The function K, in (1.4) is 2n~
periodic in y; (i =1,2,3), analytic in g, p;, y; (i =1,2) and continuous in y,.

Let p/,y;” and p{, y” be the values of p;, y; (i=1,2) at y;,=0 and y; = 2m,
respectively. By integration of the Whittaker equations

dyi/dy, = 0K/dp,, dpidy, = —3K/dy; (i =1, 2)
L}sing series in powers of u, we obtain a symplectic map p,/, ¥’ = p’, ¥". This map is defined
in terms of a generating function
S (py", P2 yl,v vy ] h) = SO + p'Sl (16)
So= (' + 2700, p" + (1 + 210,057 p" + Sp* + Sg* + . ..

¥prikl.Matem.Mekhan.,53,6,867-872,1989 685



686

Sy* = 10y (@upy™ + 2845p) P2 + 239pe”™)
(Sy is a function analytic in the neighbourhood of the point p," = p,” =0, and S,* is a form
of degree k in p,”, p.").
If the condition
0%S,/0p,™ 0%54/0p,"0p,"
918,/0p,"dp," G2S,/ap,"

(=]
li

#0 (.7)

holds when p," =p,” =0 then the map p;’, ¥;i' = pi, ¥ 1is said to be non-degenerate. Assume
that the non-degeneracy condition (1.7) is satisfied. Then /2, 7/ the map has two-dimensional
invariant tori close to the "torus" p,’ = p,’ =0 of the unperturbed (i.e., at p =0) map;
furthermore, the measure of the complement to the union of these tori is small together with
u. Hence, and by the equality pys= —K,6 it follows that than the variables z,, z,, z; differ
only slightly from their initial values for most initial conditions and all t.
Performing some relatively easy algebra in (1.5)-(1.7), we can show that § = —4mw A,

where

Homy Hype Hopy o
_ Hyys Hom Hygs o

Ho.m Ho,as Ho.sa @,

W, 0 o O

A (1.8)

i.e., the map p,/, vi' = p/, ¥ (i =1, 2) is non-degenerate if and only if the function H, is
isoenergetically non-degenerate.

2. Consider a system with two degrees of freedom. The Hamiltonian

H = H, (2, 2) + pHy (2, 22, Y1, Yoo 1) O < p <L) (2.1)
is 2n-periodic in y;, ¥,, analytic in p, z,, z,, y;, but only .continuous in y,. Setting ;=
2o + ps (i=1,2) and solving the equation H = H,(zy, Z3) + ph for p,=—K, we arrive, as in
Sect.l, at Whittaker's equations

dy,/dy, = 6K/dp,, dp,/dy, = —3K/dy, (2.2}

where K = K (py, 3, ¥2» M, h) is 2n-periodic in y,, y,, analytic in p, p,y,, and its expansion
in powers of u is

K= Ky (p)) + pKy (P 41y ¥ B) + - . 2.3)
Here K,(p) 1is a root of the equation Hg (), + py, 250 — Ko) = Hy (210, Ty0)+
Ko =bypy + bops® + bapt® + . .. (2.4)

by = 0,047, by = 1,07 (Hy,1105% — 2H 130,05 + Hy,p00,%
by = g™ (Ho,11105° — 3H 1100105 + 3H 1500, 0, —
Hy,3200,%) + by (Ho,000y — Ho,120,), 0y = 0Ho/ozy (i=1, 2)
Ho,iik = ?Holaziﬁxjaxk

and the derivatives are evaluated at z; = zy,.
The function K; has the form

K, = —(3H/dx,) ™ (H, (21, Zp, Y11 Yo 0) + 1) (2.5)

where the right-hand side is evaluated at =z = z;, + p1, I3 = 25 — K,.
Egs.(2.2) determine a symplectic map p,’, ¥," = p,", ¥y,

w=un +v@E)+wEdu.oeh (2.6)
p’=p 4 ope(pd, ym )

where p,/ ¥’ and p", %" are the values of p, ¥ at Yy, =0 and Yy, = 21, respectively,
the functions f and g are analytic in all their arguments, y = 2ndK, (p,’)/dp,’ .

The map (2.6) is area preserving. If at least one of the coefficients b,(n=2,3, ...)
of the expansion (2.4) does not vanish, then for sufficiently small p (2.6) is a twisting map
and Moser's Invariant Curve Theorem /9/ is applicable. It follows from that theorem and the
equality p, = —K that, for sufficiently small p and any initial conditions, the variables
Ty, I, will differ only slightly from their initial values for all t.

3. If the ratio of the frequencies ,/w, of the unperturbed system (p = 0) with
Hamiltonian (2.1) is a rational number m/n, then its motion



687

Ty = Tyoy Ty = Tyey Y1 = Orf + Ay Yy = 0 (3.1)

is periodic with period 7T, = 2nmo;™ = 2xney?. In (3.1) A=y, and we have taken Jy;, equal
to zero - this involves no loss of generality, since ;0 and the system is autonomous.

Suppose now that p is small but not zero. The problem of the existence and stability of
penodlc solutions in a system with Hamiltonian (2.1) not analytic in ¥, can be solved by
using the isoenergetic reduction of the equations governing the ong:mal system to Whittaker's
Eqs.(2.2). System (2.2), in turn, can be tackled by means of Poincare's algorithm for investi-
gating periodic solutions (see /10/). Using this algorithm it can be shown that the system
has a solution which is 2mn-periodic with respect to y,: p1= P (¥ss 1)s Y1 = ¥; (U p). This
solution is analytic in p and reduces when p =0 to the solution

=0, y = (m/n)y, + A
The functions
P1="P1 W W)y ¥ =¥ W2 W), P2 = —K (3.2)

define a closed curve in the space of p;, Pa ¥y, With y, treated as the curve parameter. The
law of motion along the curve is determined by one of the equations of the original system

dyy/dt = 0H [0z,

Substituting the function (3.2) into the right-hand side, we obtain
dyi/dt = g + l"’F (yzv K, h) (3'3)

where F is a 2nn-periodic function of y,, analytic in u. Eq.(3.3) determines the time-depen~
dence of y,. It implies that the solution of the original equation corresponding to a solution
of the reduced system which is 2nn-periodic in y, is a T,-periodic function of t. The
period

. dy
Ty = § s (3.4)

is analytic with respect to p and when p =0 it equals the period T, of the unperturbed
motion (3.1).

The algorithm of /10/ also yields conditions for periodic solutions of the reduced system
to be stable in Lyapunov's sense. As applied to the original system, these conditions imply
orbital stability of the T, -periodic solution.

Using results from /10/, one can prove the following assertion about periodic motions in
systems with Hamiltonian (2.1).

Theorem. Let p be sufficiently small and let <(H,> be the mean value of the function
H, (zy, %3 Y15 Yax )  over the unperturbed motion (3.1), i.e.,

T
1

(Hyy = T, S Hy (219 Zago tt + Ay 0, 0) d2
b

Assume that the following conditions hold: 1) at z, = 2y, %, = %, the function H, is
isoenergetically non-degenerate, i.e., the coefficient b, in (2.4) does not vanish; 2) there
exists A, such that at A=A,

O CHDIN = 0, 0* (H DI = 0.

Then the system with Hamiltonian (2.1) has a T,-periodic solution which is an analytic func-
tion of u and reduces at u =0 to a T,~periodic solution (3.1) of the unperturbed system

Ty = gy Tz = Tgoy Y1 = O + Ay, Y = gt
1f
by0® CH DION? o, > 0

this periodic motion is unstable, and if also

M CH ;93 (H > \2 02 CHyy O0'<Hy»
b, —— — 1 1
2 = e, <0 O~ ) 3 — FrY ||A=Aﬁﬁ0
then it is orbitally stable.

] 4. As an example, let us consider the motion of a rigid body performing collisions with
a fixed, absolutely smooth, horizontal plane. We have already considered this problem /4/,
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but since the function (7.2) in./4/ is not analytic in ¥, the procedure used there to derive
qualitative conclusions about the motion of the body needs improvement. We shall assume that
the surface of the body is defined by an analytic function and differs only slightly (together
with the small parameter p) from a sphere of radius R centred at the centre of gravity of the
body. The central ellipsoid of inertia is arbitrary.

The projection I; of the kinetic momentum of the body on the vertical is an integral,
which we proceed to scale to the parameters of the problem. In the notation of /4/, the
Hamiltonian can be written as

H=H, Iy Ig, I) + WHy (Iy, I, I, Wi, We, W)+ ... (4:1)
Hy= HY (1, 1) + (9m n3gr1y32)s (4.2)

Here H,® 1is the Hamiltonian for the motion of the body in the Euler-Poinsot case, Ig
is the kinetic momentum, m is the mass of the body, and g is the acceleration due to gravity.
The quantity I is related to the height % to which the body rebounds from the plane in the
unperturbed motion (p=0) by the equality

= Y5 lm (2gh%)"s

In the unperturbed motion I;=1I;(i=1,2), I=I,. We shall assume that I,=+=C (i.e., in
the unperturbed motion the rebound height of the body is not zero), and the motion of the body
relative to its centre of mass is conditionally periodic. The Hamiltonian (4.1) is 2n-periodic
with respect to W, W, W and in a small neighbourhood of the unperturbed motion it is
analytic in I, 7, I, W, W, it is only continuous with respect to W.

We will now verify that H, is isoenergetically non-degenerate. Evaluating the determi-
nant (1.8), we get

A= _§d0/8] — By0? (4.3)
1, 3, s2HW 27 (1) seHM
(|)=£.(M — L> 2, & = 9 2 —2 il SR Ul a,?,
3\ 732 2\ ol a0l oI,
2D g2 (D) 257 (1)y 2
_ P40 oH] _(alar‘J “8)
31,7 oIy EYIN
Relying on computations from /11/,Chap. 2/, one can show that & = 24,5, Using the
expression for » in (4.4), we obtain
= @, (#,Y/(mgh) — 1) (4.5

It was shown in /11/ that §&; 0. Therefore, A may vanish only when mgh= ™, i.e.,
Az0, and the condition for the isoenergetic non-degeneracy of H, is satisfied. Consequently,
as seen in Sect.l, for sufficiently small u and most initial conditions the quantities I, Iy, ]
in the perturbed motion of the body remain close to their initial values for all t.

Suppose now that the body is dynamically and geometrically symmetric. Then the projection
of the kinetic momentum on the axis of symmetry is an integral; it can be scaled to the
parameters of the problem and investigation of the motion reduces /4/ to considering a system
with two degrees of freedom:

H= Hy+ pH, (L, [, Wy, W) + . ... (4.6)
Hy = Yy I A - (9mn2g¥32)PI" (4 = 8/gmR?)

The algorithm of Sect.2 can now be applied to the system with Hamiltonian (4.6). By (2.4),
the coefficient », is given by

] 1
b o (0~ mier)

Thus b can vanish only when mgh=1/,{,%/A. But if by =10, then

by — A OHa_ 2P
i fAwt 913 BRI

Consequently, by Sect.2, for sufficiently small p and any initial conditions the quantities
I I in the perturbed motion will remain close to their initial values for all t.

In /4/ we considered periodic motions of a homogeneous ellipsoid of revolution, almost a
sphere, colliding with a fixed absolutely smooth horizontal plane. 1In accordance with Sect.3,
the discussion in /4/ should be augmented by adding the conditions: mghs£Y,/,%A and the
period is an analytic function of u whose value at p=0 1is x=2rneoi=2nAl 'k (Ek=1,2...).
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The existence and stability conditions for periodic solutions need no modification.
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ORBITAL STABILITY ANALYSIS USING FIRST INTEGRALS*

A.Z. BRYUM

A method is proposed for investigating the oribtal stability of periodic
solutions of normal systems of ordinary differential equations. The
Lyapunov function is derived from the first integrals of the equations
of the perturbed motion and the scalar product of the velocity of motion
along the orbit and the perturbation vector. Lypunov's second method
was first used in connection with orbital stability in order to study
the phase trajectories of systems with two degrees of freedom /1/.

1. Construction of the Lyapunov function. Let Q C R™' be a domain containing the
orbit /2/ of a T-periodic solution
Y =D (1) (1.1)
of the autonomous system
Y =F () (1.2)
We shall investigate the orbital stability of (1.1) under the assumption that F & Cc® (Q;
Rn+1)_

¥prikl.Matem.Mekan.,53,6,873-879,1989



